LIMITING ABSORPTION PRINCIPLE FOR THE DISSIPATIVE 

HELMHOLTZ EQUATION 
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Abstract. Adapting Mourre's commutator method to the dissipative setting, we 
prove a limiting absorption principle for a class of abstract dissipative operators. A 
consequence is the resolvent estimates for the high frequency Helmholtz equation when 
trapped trajectories meet the set where the imaginary part of the potential is non-zero. 
We also give the resolvent estimates in Besov spaces. 

1. Introduction 
We consider the following Helmholtz equation: 

AA{x) + kl{l - N{x))A{x) + ikoa{x)A{x) = Aq (1.1) 

This equation modelizes accurately the propagation of the electromagnetic field of a laser 
in material medium. Here ko is the wave number of the laser in the vacuum, and a are 
smooth nonnegative functions representing the electronic density of material medium and 
the absorption coefficient of the laser energy by material medium, and Aq is an incident 
known excitation (see |BLSS03j ). Note that the laser wave cannot propagate in regions 
where N{x) ^ 1, so it is assumed that ^ N{x) < 1. An important application of this 
problem is the design of very high power laser device such as the Laser Mega- Joule in 
France or the National Ignition Facility in the USA. 

The oscillatory behaviour of the solution makes numerical resolution very expensive. 
Fortunately, the wave length of the laser in the vacuum 27rkQ^ is much smaller than the 
scale of variation of N. It is therefore relevant to consider the high frequency limit ko — > 
oo. The simplified model with a constant absorption coefficient has been studied in many 
papers. This coefficient is either assumed to be positive (see [BCKP021 IBLSSOSl IWZ06] ) 
in order to be regularizing, or only nonnegative ( [Wan07| ). in which case the outgoing (or 
incoming) solution has to be chosen for A, but in both cases the non-symmetric part of 
the equation is in the spectral parameter, and what remains is a selfadjoint Schrodinger 
operator. More precisely we are led to study an equation of the form: 

(_/j2a + Vix) -{E + if,h))uh = Sh 

where h ^ k^^ is a small parameter. 

When the absorption is not assumed to be constant, it has to be in the operator itself 
and the selfadjoint theory no longer applies. However, the anti-adjoint part is small 
compared to the selfadjoint Schrodinger operator, so by perturbation theory we can see 
that some results concerning the selfadjoint part still apply to the perturbed operator. 

In this paper we study the limiting absorption principle for the following dissipative 
Schrodinger operator: 

Hh = -h^A + Vi{x) - iu{h)V2{x) 

on L^(M"), where Vi is a real function, V2 is nonnegative and v :]0, 1] ^]0, 1]. Note that 
i/(/i) = h for the Helmholtz equation. 
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In the first section, we prove a uniform and dissipative version of the abstract com- 
mutator method introduced by E. Mourre in |Mou81| and developped in many papers 
(see for instance |PSS81[ [JMP841 1.Ten85[ IDJOll l(;(;Mn4j and references therein). In par- 
ticular we see that the anti-adjoint part with fixed sign allows us to weaken the Mourre 
condition we need to prove uniform estimates and limiting absorption principle on the 
upper half-plane. On the contrary, the result is not valid on the other side of the real 
axis. 

In section 2 we apply this abstract result to the dissipative Schrodinger operator in 
the semi-classical setting, following the idea of C. Gerard and A. Martinez ( [GM88| . see 
also |RT87j for the semi-classical limiting absorption principle). In particular we get 
uniform estimates of the resolvent {Hh — z)~^ for h small enough, Imz > and Ke z 
close to -E > 0. In the selfadjoint case, the result is true if and only if is a non- 
trapping energy, that is if there is no bounded classical trajectory for the hamiltonian 
flow associated to the symbol p(x,^) = + ^1(2;) of Hh- In the dissipative case, the 
weakened Mourre condition gives a weaker condition on the classical behaviour: we only 
have to assume that any bounded trajectory of energy E meets the set where V2 > 0. 
Note that it is consistent with the selfadjoint result. Section 3 is devoted to prove that 
this condition is necessary (when z^(/i) = h, which is the case we are mainly interested 
in). To this purpose we use a selfadjoint dilation of the Schrodinger operator and we 
prove a dissipative Egorov theorem. 

Finally, we show that the estimates we have proved in weighted spaces can be extended 
to estimates in Besov spaces, first for the abstract setting of section 2 and then for the 
Schrodinger operator. 

2. Commutator method for a family of dissipative operators 

We first recall that an operator H of domain T>{H) in the Hilbert space TL is said to 
be dissipative if: 

\/ip(^V{H), Im (i^v?, 99) ^ 

2.1. Uniform conjugate operators. Let (-ff?t)he]o,i] be a family of dissipative opera- 
tors on Ti. We assume that is of the form = Hq — iVh where Hq is selfadjoint 
on a domain Dh independant of h and is selfadjoint, nonnegative and uniformly 
i?Q -bounded with relative bound less than 1: 

3a G [0, 1[,36 G R,V/i g]0, l],Vv? G Ph, \\Vh^\\ ^ a H^ip +b\\cp\\ (2.1) 



For any h G]0, 1] and (f G Vh, write: Hv'llr^ = ll-^oV'll + W^W- Consider now a 
family (^h)he]o,i] of selfadjoint operators on a domain Va independant of /i, J C M and 
("/i)/ie]0,i] with Oh G]0, 1]. 

Definition 2.1. The family (A^) is said to be uniformly conjugate to (Hh) on J with 
bounds (a/i) if the following conditions are satisfied: 

(a) For every h g]0, 1], Vh n Va is a core for Hq. 

(b) e**^'' maps Vh into itself for any t G M, /i G]0, 1], and: 

yipeVn, sup ||e**^''93|| < 00 (2.2) 

/i6]0,l],|tKl 

(c) For every h g]0, 1], the quadratic forms i[HQ, A^] and z[V/i, ^4/^] defined on Vh n Va 
are bounded from below and closable. Moreover, if we denote by i[HQ,Ah]^ and 
i[Vh,Ah]^ their closures, then Vh C P(z[F^, A/,]°) nV{i[Vh,Ah]'^) and there exists 
c ^ such that for h g]0, 1] and f G Vh we have: 

i[Fo^A]V +\\i[Vh,Ahf^\\^c^\\ip\L (2.3) 
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(d) There exists c ^ such that for all ip,^p £ Vh n Va'- 

(^[i/o^A]VA^)-(A¥^,i[^o^A]V)| ^ca/,||(^||rJ|V'||r, (2.4) 

and similar estimates hold for the forms [i[V/i, A/^], A/^] and A/^]. 

(e) There exists Cy ^ such that for all h €]0, 1]: 

\j{H^) UHlAhf + CvVh) lj{H^) ^ anljiH^) (2.5) 



where Ij denotes the characteristic function of J and hence {1j{Hq))jc_r is the set 
of spectral projections for the selfadjoint operator Hq. 

Let C+ = {z G C : Im z > 0} and for J C M: Cj,+ = {2 G C+ : Re z G J}. 

2.2. Abstract limiting absorption principle. We first prove a version of the qua- 
dratic estimates (see [MouSll prop. II. 5]) we need in our dissipative case: 

Proposition 2.2. Let T = Tr — iTj be a dissipative operator on 7i with Tr selfadjoint 
andTi nonnegative, selfadjoint and T^-bounded. Then for all z G C+ the operator (T — z) 
has a bounded inverse. Moreover if B is an operator such that B*B ^ T/ and Q is a 
bounded selfadjoint operator, then we have: 

\\B{T-z)-^Q\\ ^ \\Q{T-z)~^Q\\^ (2.6) 

Proof. Since Tr is closed and T/ is TR-bounded, T is closed. For z G C+ and ip G V[Hq) 
we have: 

||(T - z)lp\\ \\lp\\ ^ |Im((r - z)v9,(^)| = {TiLp,ip) + Imz ||(^||^ ^ Imz \\lp\\^ 

So {T—z) is injective with closed range. We similarly prove that || (T* — 'z)ip\\ ^ Imz \\ip\\ , 
so Ran(T — z) is dense in Ti. and hence equal to Ti, which proves that (T — z) has a 
bounded inverse. Let (p £ Ti. We compute: 

\\B{T - z)-^Qp\f 

= {B*B{T - z)-'^Qip, (T - z)-^Qip) 

^ {Ti{T - z)-^Qp, (T - z)-^Qp) + Im z ((T - z)-^Qp, (T - z)-^Qp) 
^ 1 (Q(r* - z)-\{T* -z)-{T- z)]{T - zy'Qip, p) 



2i 

^ \\Q{T-z)-^Q\\M 



□ 



Let (•) denote the function x ^ \J 1 + \x\^ . We can now state and prove the main 
theorem of this section: 

Theorem 2.3. Let {Hh)h<^]a,i] be a family of dissipative operators of the form = 
HQ—iVh as in section [KT\ and (^/i)/i6]o,i] " conjugate family to {Hh) on the open interval 
J C M with bounds (a/i)/ie]o,i] • Then for any closed subinterval I C J and all s > ^, 
there exists a constant c ^ such that: 

V/iG]0,l],VzGC7,+, \\{Ahr'iHh-z)-'{Ah)-'\\^— (2.7) 

ah 

Moreover, we have for all z, z' G C/^+.' 

\\{Ahr' {{Hh - zr' - {Hh - z')-') {Ah)-'\\ ^ ca~^ \z - z'f^ (2.8) 
and for E £ J the limit: 

(A)"' {Hh -{E + iO)r' {Af,)-' = lim {A,,)-' {H^ - {E + t^,))-^ (A)-^ (2.9) 

exists in C{T-i) and is a '^^-Hdlder continuous function of E. 
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Remark 2.4. As in [Mou81| . if we only need resolvent estimates for an operator H = 
Hq — iV where Hq is selfadjoint and V is selfadjoint, nonnegative and i/o-bounded, we 
look for a conjugate operator which satifies the same assumptions as in definition 12.11 
with a weaker Mourre condition: 

lj{Ho) {i[Ho,Af + CvV) lj{Ho) ^ alj{Ho) + lj{Ho)Klj{Ho) 

where i^' is a compact operator on Ti. Indeed, for any E £ J H adHo) (the continuous 
spectrum of Hq) we can find 5 > such that: 

OL 

'^[E-5,E+5]{Ho)Kl\^E-S,E+5]{Ho) ^ - — 1[E-5,E+5]{Hq) 

hence A is conjugate to on [E — 5,E + S\ with bound ^ in the sense of definition 12.11 

The proof of theorem 12.31 follows that of the selfadjoint analog: 

Proof. Let / C J be a closed interval and s S ]^,l] (the conclusions are weaker for 
s > 1). Throughout the proof, c stands for a constant which may change but does not 
depend on z G C/^+, e g]0, 1] and h g]0, 1]. 

1. Let G C^(J, [0, 1]) with = 1 in a neighborhood of I. We set Ph = (t){H^) and P'^^ = 
(1 - (fW)- We also define: Qr^u = i[H^,Ah]\ Qi,h = i[Vh,Ahf, Qh = &R,h - i&i,h 
and 0^ = CyV/i + 6/i, Cy being given by assumption (e). Then by assumptions (c) and 
(lO) . el is i?^-bounded and: 

||e;,P;,|| + \\Ph@h\\ < (2.10) 

The operator Vh is -ffg "bounded and PhQ\Ph is bounded, so for all h,e g]0, 1] we can 
apply proposition O with Tr = - ePhOi^hPh and Tj = Vh + ePh{CvVh + QR,h)Ph- 
Indeed by assumption (e) we have: 

^ {^hPh? = ahPhlj{H^fPh ^ PhiCvVh + QR,h)Ph (2.11) 

and hence T/ is nonnegative so Gz^hi^) = {H^ — iePhO^Ph — -z)^^ is well-defined for any 
z G C+. 

Then we write Qh{e) = (A/,)"' (e^)""^ and finally: F^,h(e) = Qh{e)G,,h{e)Qh{e). 
By functional calculus we have: 

\\Qh{e)\\ ^ 1 and \\AhQh{e)\\ = \\Qh{e)Ah\\ = e'-' (2.12) 

and the second part of proposition 12.21 with B = y/Vh and Q = Qhi^) for all h,e g]0, 1] 
gives : 

\VVhG,,h{^)Qhie)\\ ^ \\F,,h{e)\\"^ (2.13) 

2. By (|2.11|) and proposition 12.21 now applied with B = ^/oh^/ePh, we also have: 

\\PhG,,h{^)Qh{e)\\ ^ \\Fz,h{^)P (2.14) 



On the other hand: 

(1 + Vyh)PLGz,h{^)Qh{e) = (1 + Vy'h)PLiH^ - zrHl + KVh + ePhQlPh)G,^h{e))Qh{e) 

= {l + ^^)Pl^{H^-z)-^Qn{e) 
+ i{l + y^h)PL{Hl} - zrWhG,,h(.e)Qh(.e) 
+ ie(l + ^/Vh)P'h{H^ - z)-^PhQhPhG,,h{e)Qh{e) 
+ ieCv{l + VVh)Pi{H^ - z)-^PhVhPhG,,h{e)Qh{e) 

(2.15) 

By functional calculus and (|2.1I) we have : 

^ " ^ c 



(i + yi^)pa^o -^)"'(i + \A^ 
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With (f2T3]l . (f2T0]l and ([2l4l) . this proves that the first three terms of ([2lB are bounded 

by c(l + II 2 ). For the last term, since Ph^/Vh is uniformly bounded, it only 

remains to estimate: 



VhPhG,,h{e)Qh{e) 



+ e 



VhPhG,,h{e)Qh{e) 



'VhG,,h{e)Qh{e 
^ e ||F,,;,(e)||^ + e ||(1 + ^h)PhG,,h{e)Qh{e) 
For e s]0,eo], > small enough, we finally obtain: 

\\P'^,G,,h{e)Qh{e)\\ + \VVhPlG,,h{e)Qh{e)\ ^ c{l + \\F,,h{e)p) 
Together with (|2.14p this gives: 

\\Fz,h{e)p\ 



and hence: 



\\F,,h{e)\\<.\\G,^h{e)Qh{e)\\<.c\l + 



\\F^Ae)\\ ^ — 



Note that by (|2.ip we also have: 



^oG.,h(e)Q,.(e) 



1 



1 - a 



\iihG,,H{e)Qh{e)\\ + ||G,,;,(e)Q;,(e)|| 



1 - a 



^ c 1 + 



while (1213)1 and (l2T6]l give: 

%PG,,h{e)Qh{e)\ ^ c (l + \\F,^h{e)P 
3. We now estimate the derivative of F^^h with report to e: 



de 



F,,hie) = iGvQh{e)G,^h{e)PhVhPhG,,h{e)Qh{e) 

= iQh{e)G,,h{e)PhQhPhG,,h{e)Qh{e) 
dQh{e) 



+ 



de 



-Gz,h{£)Qh{£) +Qh{£)Gz,h{£, 



de 



Functional calculus gives: 



dQhie) 



de 



so the last two terms can be estimated by: 



^ ce 



1 + 



\\F.A_^)p 

ah^/e 



(2.16) 



(2.17) 



(2.18) 



(2.19) 



(2.20) 



de ' ' de 

By (l2:2n]l we have : 

\\Qh{e)G,,h{e)PhVhPhG,,h{^)Qh{e)\\ ^ c(l + ||F,,;,(e)||) 

and for the second term we replace PhQhPh by ^h — Ph^hP'h — P'h^hPh — P'hQhP'h, which 
gives: 

iQh{e)G,^h{e)PhQhPhG,,h{e)Qh{e) = Di + D2 + Ds + D^ 
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with: 



11^211 = \\Qhie)G,,hie)Ph@hPLGz,h{^)Qh{e)\\ 

^ \\Qh{e)G,,h{e)\\ \\Ph&h\\ \\PiG,,h{e)Qh{e)\\ 



^ c 1 + 



Dj, is estimated similarly, while we use (|2.19l) for D4: 

||Z?4|| = \\QK{e)G,^n[e)P'y,QhPhG.^h{e)Qh{e)\ 

^ \\Qh[e)G,^n{e)P'A QhiH^ - i)-^P'h (^0 + i)G,,h{e)Qh{e] 



To estimate Di , we are going to use the choice of Qr^h and Qj^h as commutators with 
Hh- By proposition II. 6 in |Mou81| . Gz^hi^) niaps Va into VhCiVa, so we can compute, 
in the sense of quadratic forms on Vh n Va- 

Qh{e)Gz,hie)ehGz,hie)Qh{e) 

= iQh{e)Gz,h{e) [Hh, Ah]Gz,h{e)Qh{e) 

= iQh{e)Gz,h{e)[Hh - z - ieP/^G^P;,, A]G,,,,(e)Q;,(e) 

-eQh{e)Gz^h{e)\PhQlPh.Ah\Gz^h{e)Qh{e) 
= iQu{e)\Ah.Gz^uie)\Qh{e) (2.21) 
-eQhie)Gz^K{e) {Pk^IPh. A]G',,;,(e)Q;,(e) 
For (/J, ■0 £ F>i{ n Pa, we have: 

\{Gz^y,{e)Q^,{e)^,AMe)^)\ ^ ca^e^'i M\ ||V|| 

according to (ITTTll and (I2l2]l . 

By proposition II. 6 in [Mou81| . the quadratic form [P/jB^P/i, A/^] has the properties 
of [O^, A/i] given by assumption (d). With (I2.19p this proves: 

e|([P;,e^P/„A]G,,/,(e)g/,(e)99,G,,/,(e)*Q/,(e)V)| 

^ coLhe\\Gz^hie)Qh[e)^\\^^ \\Gz^h{e)Qh{e) 

^c(i + iiF,,,(e)ii) 11(^11 m 

So both terms in (|2.21|) extend to bounded operators and: 



and hence we have proved: 



which can also be written: 
d 



^c+^||F,,,(e)|| + ^||F,,,(e)|| 



de 



ahPzM^) 



(2.22) 



4. Using lemma 3.3 in |JMP84| with (l2T8l) and ([222]), we get that Fz^h{e) can be contin- 
uously continued for e = 0. Furthermore, the constants in this lemma do not depend on 
the function but only on the estimates. Since (ahFz^hi^)) and its derivative with report 
to e are estimated uniformly in h, we can conclude that a/i-Fz,h(0) is uniformly bounded 
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in h, which is exactly (12.71) . 

5. Since Fz^hi^) is bounded as a function of e, (|2.22p becomes: 



^ -1 s-^ 



and gives: 



Moreover with (|2.17ll we get: 
d 



dz 



Qh{e)G,^h{eYQh{e) ^ \\G,,h{e)Qh{e)r ^ 



ale 



and hence for z, z' G C/^4.: 



\F,^h{e)-F,,^h{e)\\ ^ 



c\z — z 
ale 



2 

" 2s+l 



(2.23) 



(2.24) 



z - z'|2=+i . Then (ITMD 



Take now z, z' S C/^+ close enough, h g]0, 1] and e = 
and (12:2a give fSj]). ' 

In particular, foi E G I the map fj, 1— > F£;+j^^/i(0) has a limit for /x — > 0"*", and taking 
the limit /i — > in (|2.8|1 with z = E + and z' = E' + ifi shows that the limit is 
Holder-continuous with report to E and finishes the proof. □ 

Remark 2.5. We added the uniform estimate on [V/i,^/i] in assumptions (d) because we 
had to put Vh in the e-term of ^.(e) in order to use the weak Mourre estimate (|2.5p . 
But this assumption is useless if we can take Cy = in (I2.5|) P1 



3. Application to the dissipative Helmholtz equation 

In this section we apply the abstract Mourre theory to the dissipative Schrodinger 
operator. Let Vi G C°°(M",M) with: 



(3.1) 



for some p > and Ca ^ 0. Let V2 G C°°(M",M) nonnegative, with bounded derivatives 
(up to any order) and: 



V2{X) 



|x|— >oo 







(3.2) 



We consider on L (M"-) the operator: 



Hh = -h^A + Vi- iv{h)V2 

where v{h) G]0, 1]. We denote by = — /i^A + ^1(2;) the selfadjoint part of Hh^ 
z>(/i) = min(l, i/(/i)//i) and: 

O = {(x,0gK2":F2(x)>0} 
We also write Op)^(a) for the Weyl-quantization of a symbol a (see |Rob87l [Mar02l lEZ] ) : 



Ovl{a)u{x) 



eh 



? uiy) dy di 



^ Initially, estimate ||Vh(-H'o +0 ^|| = 0{^/ah) was also required in assumption (c). I thank Th. 
Jecko for pointing out that this can be avoided. 
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3.1. Hamiltonian flow. Let p : (x, ^) i-^ + be the symbol of i/f , and (a^o, ^^o) ^ 
(l^^{^0:£,o) = {x{t, xq, ^o) , ^{t, xq, ^o)) G M^" the corresponding hamiltonian flow: 

' dtx{t,xo,Co) = '^'^{t,xo,Co) 
' dt'^it,xo,^o) = -^Vi{x{t,xo,^o)) 
^4'^{xo,^o) = {xo,Co) 
For / C M we introduce: 

^Ibd) = {w £ p^^{I) : {x{t,w)}teR is bounded} 

We recall a few basic facts about this flow: 

Proposition 3.1. (i) For a € C°°(M^") we have dt{a o = {p, a o 0*} u^/iere {•, •} is 
the Poisson bracket. 

(a) If I C M.\ is closed, there exists Ro{I) > such that for any Rq{I), a trajectory 
of energy in I which leaves Bx{R) (in the future or in the past) cannot come hack. 

(Hi) ific m;, p-Hi) = ^b{i) u u fi- (/). 

(iv) If I C is closed, then ^b{I) is compact in R^". 

(v) If I C is open, then i^^{I) and ^^{I) are open. 

3.2. Limiting absorption principle for the dissipative Schrodinger operator. 

Theorem 3.2. Let E > and s > ^. If all bounded trajectories of energy E meet O, 
then there exists c ^ 0, /iq > and I = [E — 5,E + 5], (5 > 0, such that: 

(i) For all h G]0,/io].- 

sup {Hf, - z)-' {xr^W ^ -4- (3.3) 

(a) For all h g]0, /iq] and z,z' E C/^+; 

{{Hh - z)-' - {Hh - z')-') {x)-'\\ ^c{hi>{h))-^ \z - z'l^ (3.4) 
(Hi) For X £ I and h g]0, /iq] the limit: 

{x)-" {Hh - (A + iO))-' {x)'' = hm {x)-' {Hh - (A + i/x))-^ (x)"^ (3.5) 

exists in C{L'^{W)) and is a 2s^_} -Holder continuous function of X. 

Remark 3.3. This condition that a damping perturbation of the Schrodinger operator 
allows to weaken a non-trapping condition already appears in |AK07| where dispersive 
estimates are obtained for the Schrodinger operator on an exterior domain. 

Remark 3.4. We are mainly interested in the cases z^(/i) = h {y{h) = 1), as mentionned 
in the introduction, and v{h) = h? {y{h) = h) which appears in the study of the high 
energy limit for the Schrodinger operator —A — iV2 — z, Rez 1 (see |AK07l §1-2]). 

Remark 3.5. If is a non-trapping energy, we have the usual estimate in 0(/i~^), no 
matter how small the anti-adjoint part is. 

The proof of theorem 13. 21 follows that of the selfadjoint case given in [GM88| : we find 
a conjugate family of operators using the quantization of an escape function and then 
we check that this operators can be replaced by (x) in the results of theorem 12.31 The 
only difference is that we need to prove a weaker Mourre estimate so we are allowed to 
consider a function which is not an escape function where V2 is not zero. Let us denote: 

Ah = ]^{x.hD + hD.x) (3.6) 

the generator of dilations. 
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Proposition 3.6. For any r £ C^(M2",M) the operators v{h)Fh = v{h){Ah + Op)^(r)) 
are self adjoint and satisfy assumptions (a) to (d) for a conjugate operator to H^. 

The proof of this proposition is not really changed by the imaginary part of F, so we 
omit it. The important assumption is the Mourre estimate (e), for which we need to 
chose r more carefully: 

Proposition 3.7. Assume that every hounded trajectory of energy E goes through O, 
then there exists e > and r G C^(M2",M) such that i'{h)Fh = i>{h){Ah + Op^(r)) is 
conjugate to on J = [E — e,E + e] with bounds CQhv{h), where cq > 0. 

Proof. 1. We first remark that the assumption on bounded trajectories can be extended 
to a neighborhood of E: there exists e G ]0,£^/12] such that any bounded trajectory of 
energy in [E — 3e, -E + 3e] meets O. Indeed, assume that for any n G N we can find Wn 
in the compact set Q.h{[E/2, 2E]) such that p{wn) —>■ E and Wn ^ O'^ where: 

tGM 

Maybe after extracting a subsequence we can assume that Wn ^ w £ Qbi[E/2,2E]). 
As p is continuous, we have p{w) = E, and hence w € O*^ which is open. This gives a 
contradiction. We set J =]E -e,E + e[, J2 =]E -2e,E + 2e[ and J3 =]E -3e,E + 3e[. 

2. Let R ^ i?o(J3) (given in proposition 13. 1|) so large that QbiJs) C Bx{R), where 
B^{R) = {{x,i) £ : \x\ < R}, and: 

E 

\2Vi{x) + x.VVi{x)\ ^ — when |x| ^ R 

Let b E C°°(M") equal to x.^ outside Bx{R + 1) and zero in a neighborhood of Bx{R)- 
Then, if S J3 and |x| ^ i? + 1 we have: 

= 2p(x,0 -2Vi{x) - x.VViix) ^ E (3.7) 

and {p,h] = in B^iR). 

3. Let w G Q.h{J^) and T^^ G M such that ct)^^{w) G O. As (j)^^ is continuous, we can 
find 7«, > and an open neighborhood Vw of w in M^" such that for any z G V«, we 
have (f^'"{z) G O^^ where stands for {{x,i) G M^" : V2{x) > 7}. Let Uw be another 
neighborhood of w with C Vm, Qw & C^(M^", [0, 1]) be supported in Vw and equal to 
1 on Uw, and / G C°°(M2") defined for z G M^" by: 

fw{z) = / gn,{(t>~\z)) dt 







has been chosen to satisfy: 



{P,fw}{z)= I {p,gn,o(t> ^}{z)dt = - I —gw{(t) \z))dt 







d 



= gwiz)-gM '^^(z)) 

The first term is supported in Vw, nonnegative and equal to 1 on Uw while the sup- 
port of the second is in (l)'^"'{Vw) C Oy^. In particular {p, fw} is compactly supported, 
nonnegative outside O^^ and equal to 1 in Uw \ . 

As Q.h{Jz) is compact, we can find wi, . . . ,wn G VLh{Jz) for some G N such that 
Ofe(J3) C U := uf^-^Uwj. Let 7 = mini<gj<gAr 7^^. and / = Yfj=ifwj- Then {p, /} is 
compactly supported, nonnegative outside and greater than or equal to 1 'm.lA\ O^. 
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4. We can find a constant Cy ^ such that {p, f} + CyV2 ^ 1 on O^, so that 
{Pj /} + (^^^2 is nonnegative on M^" and at least 1 on U. 

5. Let: 
We have: 

U+UU-UUUp^^{R\J2)U (R^'^XB^iR+l)) = M^" 

Considering a partition of unity for this open cover of M^" provides two functions g± G 
C(j"(M^"', [0, 1]) supported in l/(± such that goo = 9+ + 9- is equal to 1 in a neighborhood 
of the compact set: 

K^=p-^{J2)r\B^{R+l)\U 

There exists T ^ such that for any w E M^" we can find a neighborhood V oiw and 
T-t- ^ such that for any t; S V and t ^ we have: 

As a consequence the functions: 

r+oo 

f± = T i9±° ^^') dt 
Jo 

are well-defined, bounded (by T) and C°° on M^*^. The same calculation as for / shows 
that {p, f±} = g± ^ 0. Hence we can find a constant Coo ^ such that for f^o = f+ + f- 
we have: 

{p,b + Coo f oo} > E onKoo (3.8) 

and we already know that {p, b + Coo/oo} ^ {p, b} is nonnegative on p~^{J2) \ K^o- 

6. Let ( £ C^(M"') equal to 1 on B{R + 2). Since we can replace C by x i— > C(/^^) with 
// small enough, we can assume that: 

l|Coo/teC}|lLoo(p_i(j,)) ^2CooT sup |e.VC(x)|<| 

With (I33D and ([331) this gives: 

{p,6 + C/oo}^| onp-i(J2)\^/ (3.9) 

and {p, 6 + C/oo} is still nonnegative on p^^i^J-}) since VC = on ^. Taking r{x^(^ = 
x.i - b{x, + CooCfoc + f then r e Co^(M2") and: 

{p, x.^ + r} + CvV2 ^ 2co on p"n<^2) with 2co = min ^1, 

7. Let F/j = + Op^(r) = Op^{x.(, + r). The principal symbol of the operator 
ih~^[Hi^fiT Fh] is {p,x.^ + r}. Let x S C(f^(M) supported in J2 and equal to 1 on J. 
By [R,ob87| or |HR83j the operator x(^i ) 

is a pseudo-differential operator of principal 
symbol x° P- As a consequence the principal symbol of the operator: 

IxiH'^mt FMH'l) + CvV2 - 2cox(^f )' 

is nonnegative, so by Carding inequality (see theorem 4.27 in |EZ| ) there is C ^ such 
that, after multiplication by hv{h): 

xiH^)i [H^,mFh] X{H^) + hv{h)CvV2 ^ 2h9{h)cox{H^f - Ch^Hh) 

Taking h small enough and multiplying by lj{H^) on both sides give: 

lj{H'^) U \H'l,D{h)FA +hi){h)CvV2] Ij(i^i^) ^ hi){h)colj{H^f 
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Then {u{h) - hu{h))lj{H^)CvV2ljiH'^) ^ so we have: 

lj{H'^) (i [H^,i){h)Fh\ +Cvu{h)V2) lj{H'^) > hD{hUlj{H^f 

which is the Mourre estimate we need. Note that if E is non-trapping we can take / = 0, 
Cv = 0, and use the estimate: 

lj{H^)i[H^,Fr,]lj{H^) ^ hcolj{H^f 

even if h ^ u{h), which justifies remark [331 □ 

This proposition shows that for any closed subinterval I of J theorem 13.21 is true with 
{D{h)Ffi)~^ instead of {x)~^ . The operator (z>(/i)F/j)* {y{h)Ah)~'^ is bounded uniformly 
in h (this is true for s = and s = 1 hence for any s S [0, 1] by complex interpolation), 
so conclusions of theorem 13.21 are valid with {i>{h)Ah)~^ . Now write: 

{Hh - z)-' = {Hh - i)-^ -{z- i){Hh - i)-^ + {z- i)\Hh - i)-\Hh - z)-\Hh - i)'' 

Since {D{h)Ah)^ {Hh — {x)~'' is uniformly bounded (see [PSS811 lemma 8.2]), this 
gives: 

\\{xr'{Hh-zrUx)-'\\ 
^c+c \\{xr' {Hf, - irHHh - zr\Hj, - i)-^ {x)-'\\ (3.10) 
^ c+ c||(x)-^ - ir' imAnrw WimAh)-' {h^ - zy imAhr^w 

x\\{Hh)A;,r{Ht,-i)-'{x)-'\\ 

hv{h) 

where c does not depend on z € C/_+ with Imz ^ 1. This is (|3.3p . Then (13.41) and hence 
existence of the limit (I3.5|l follow similarly. 

4. Necessity of the condition on trapped trajectories 

We consider in this section the operator Hh = — /i^A + Vi — ihV2 we introduced 
to study the Helmholtz equation. We prove that our assumption that every bounded 
trajectory of energy E should meet the open set O is actually necessary in order to have 
the uniform estimates and the limiting absorption principle as in theorem 13.21 When 
V2 = 0, this is proved in |Wan87| . 

Theorem 4.1. Assume that for some s £ (P > given by ()3.ip ). there exists 

e,ho > such that the limit: 

{x)-'{Hh-{X + iO))-^{xr' 
exists for all X £ J =]E — e, E + e[ and h g]0, /iq] with the estimates: 

\\{x)-^{Hn-z)-'{x)-'\\^l 

uniformly in z E Cj^+ and h g]0,/io], then every bounded trajectory of energy E goes 
through O. 

To prove this theorem we use the contraction semigroup generated by H^ (given by 
Hille-Yosida theorem, see for instance theorem 3.5 in [EN06| ): 

Uh{t) = e-T^^\ t^O 

We first need a dissipative version of the Egorov theorem. Let q £ C°°(M+ x M^") be 
defined by: 

q{t,w) =exp(^-2 Viicj)' (w)) ds 
(where V2{x,^) means V2{x) for (x,^) € M^"). 
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Theorem 4.2. Let a £ C°°(M^") be a symbol whose derivatives are bounded (in L°°(M") ). 
Then for all t we have: 

Uhity Ovj:{a)Uh{t) = OvJ: ((a o + hR{t, h) (4.1) 

where R is bounded in £(L^(R")) uniformly in h G]0, 1] and t in a compact subset of 
M+. 

Remark 4.3. More precisely, we prove that there exists a family {b{T, h))r^o of classical 
symbols with bounded derivatives (uniformly for r in a compact subset of M+) such that 
for all t ^ 0: 

R{t,h)= [ Uh{TYOvi:{h{T,h))Uh{T)dT (4.2) 



Remark 4.4. If we replace one of the Uh{t) by U^{t) = e in the left-hand side of 

(|4.1I) then we have to replace q by 

qi : (x, ^ exp V2{cl)'{w)) ds^ (4.3) 

in the right-hand side (with the two occurences of Uh{t) replaced by ?7f (t) and q replaced 
by 1, theorem 14.21 is just the usual Egorov theorem). 

Proof. We follow the proof of the usual Egorov theorem (see for instance |Rob87[ § IV.4]). 
Let t^O. For r G [0, t] and w G M^n ^j.ite: 

ft 

kt-T I 



a{T,w) = a{(t)^-^{w))e^v{S{T,w)) where S{t,w) = -2 J V2{(l)'~^ {w)) ds 
and: 

BhiT) = Uh{Tropj:{d{T))UhiT) 

so that the estimate we have to prove is: Bh{t) — Bh{0) = 0{h) in £(L^(M")). We have: 
d^~a{T) = -{p, a o 0*—} exp(5(T)) +2(^2 + {p, V2 o (j)'-^] ds^ a(r) 
= -{p, a o 0*-} exp(5(r)) + 2V2d{T) - {p, 5(r)} 5(r) 

= 2V2d{T)-{p,d{T)} 

The function r Bh{T) is of class in the weak sense and: 

B'f,{T) = UH{TrBh{r)Uh{T) 

with: 

Mr) = ^[HtOp^idir))] - V20p^{diT)) - Op^(a(T))y2 + Op)^(a.a(T)) 
= Op^{c{T,h)) 

for some classical symbol c(r, h) = J2jeN ^''^jir), and in particular: 

Co(r) = {p,d{r)] - V2~a{T) - ~a{T)V2 + a,5(r) = 

Setting h = h'^c we get in the weak sense and hence in /:{L^{W)). □ 

Proposition 4.5. Assume that the assumptions of theorem \4-l\ are satisfied. Then for 
any x ^ Ccr'(I^) supported in J there exists c ^ such that for all h g]0, ho] and z £ C+ 
we have: 

\{x)-'x{H^){HH-zr'x{H^){x)-'\\ ^ I (4.4) 
Remark 4.6. We have similar estimates for {H^ — z)^^. 
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Proof. First, we can find c ^ such that estimate (14. 4p holds for z S Cj^+ by assumption 
and uniform boundedness of {x)^'^ x{Hi) {x}^"^ with report to h (note that this last 
statement holds for s = by functional calculus and for s = 1, we use the fact that x{Hi) 
is a pseudo-differential operator whose symbol has bounded derivatives and [x, Op)^(6)] = 
—ihOp'^{d^b); then the claim follows for any s G [0, 1] by complex interpolation). 

Then, there exists 6 > such that for all z S Cro\j_i_ we have d{z, suppx) ^ ^- As 



a consequence, the operator x{Hi){H^ 



-1 ; 



is bounded uniformly in z G 



h g]0, ho]. Hence, using twice the resolvent equation, we can write: 

x{H'^){H^-z)-\{H'l) 



and 



x{hM - z)-^V2{m, - z)-^V2{H^ - z)-\{H^] 



<c(l + /i 



where the last step is given by proposition 

B = Q = ./m. 



^/W2{Hh-z)-^y/hy2 

applied with T = 



ihV2 and 
□ 



Proposition 4.7. Assume that the assumptions of theoreme \4-l\ are satisfied. Then for 
any x S C^(M) supported in J there exists ^ such that for all ip G L^(M") and 
h g]0, ho] we have: 



dt C Cv 



(4.5) 



Proof. Let Kh be the selfadjoint dilation of Hh on the Hilbert space /C D L^(R") 
given in appendix El Let P be the orthogonal projection of /C on L^(M") and Ah = 
{x)-'x{H^) e >C(/C), where operators on L'^{W) are extended by on L'^{W)^ C /C. 
Let = ((/9o, V^x) e ''C = L2(M") © L2(M")-L. For z G C+ we have: 

\{Al^, [{Kh - z)-' - (Kh-z)'') Alip)^\ 

= (^0, (x)-' X{H^) {{Hh - z)-' - {HI - z)-') x{H^) {x)-' ^o) 



L2(R") 



2c ,, ,,2 2c ,, ,,2 



where c is given by proposition 14.51 The same applies if Imz < 0, so by theorem XIIL25 
in [RS79| . where /i-dependance has to be checked for our semiclassical setting, this proves 
that Afi is K/i-smooth and: 

(4.6) 



sup sup 

he]o,ho] \M\=i 



AhS h'^h^p 



C(K) 



dt < CO 



But for V e L'^{W) (which we identify with (^^,0) G /C), h G]0,/io] and t ^ we have: 



{x)-' x{H^)Uh{t)^ 



£(L2(R")) 



{xy x{Hi)Pe-T^^''Pi) 



C{JC) 



Ah.e~ 



so 



6|) gives (14:511 . 



□ 



Proposition 4.8. Let T ^ and x £ C'o" as in proposition |^.5| . There exists hr > 
and ^ such that for any tp G L'^{U."') and h g]0, hx] we have: 







{x)-'x{H^)U'^{t)Qh{T)^ 
where Qh{T) = Op^((7i(r)), qi being defined in 



dt ^ C[ 



(4.7) 
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Proof. According to Egorov theorem applied with the symbol a(x,^) = 1 we have: 

U^{-t)Uh{t) = Qhit) + hR{t,h) 
where R is bounded in £(L^(M")) uniformly for h G]0, 1] and t G [0,T]. On the other 
hand, writing Qh{t,T) = Op)^(gi(t, T)) with gi(t,r) = (^6'^^^^°^"'^^^ for t G [0,T] we 
have by theorem 5.1 in [EZ| : 



||Q,,(t,r)|| O (Vh) and Qh{T) = Qh{t,T)Qh{t) + O (h) 

where C does not depend on t,T and h, and the sizes of the remainders in £(L^(R")) 
depend on T but can be estimated uniformly on t G [0,T]. Then if \\il>\\ = 1 we have: 
rT 



T 



dt 







{xy' x{H'im{t)Qh{t,T)Qh{t)^ dt+ O (h) 



{xr'xiH^)Q{2t,T + t)U^{t)Qhm dt+ O {h) 
^ r Qi2t,T + t){x)-'x{H'^)Uhm ^ dt+ O (h) 

Jo h^O 

^(c+ o (Vh)] [ 



^ " {x)-' x{H[')Uhm ' dt+ O (h) 



^cc^+ o (Vh) 



where is given by proposition 14.71 The remainder is uniformly bounded in ^p so 
we can chose /it > small enough to make it less than 1 and the result follows with 
C'^ = CC^ + 1. □ 

We can now prove theorem 14.11 as in [Wan87| : 

Proof of theorem \4-l\ Let be the generator of dilations defined in (|3.6p and XiVii^ S 
C^{M.) supported in J such that x{E) = 1 and x(A) = A(/?(A)'0(A) for all A G R. We 
have: 



1 

2r 



[Ah, U^{T)] + / U^{T - t)Wix)U^it) dt 



where W{x) = —2Vi{x) — x.Wi{x) and hence there exists c ^ such that for all T ^ 
and h g]0, hx] [hx > depends on T): 

{x)-' Qu{T)x{H^)U^{T)Qh{T) {x)-' (4.8) 
{x)-' Qu{T)^{H^)H^U'^{T)i;{H^)Qn{T) {xY 
^^(l + ||F,(r)||) 



where: 



Fh{T) 



{x)-' QUTMH^WHt - t)Wix)uHt)^PiH^)Qf,{T) (x)"^ dt 



Indeed, we have ||(5ft(r)|| ^ C + 0{Vh), hence for h g]0, /it] with Ht > small enough 
we have ^ 2C. Furthermore Ah is uniformly iJ^-bounded, so we have: 

\{x)-'QhiTMH^)[AhM{TmH'^)QhiT) {x)-'\\ ^ c 

uniformly in T ^ and /i g]0, /it]- 
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Let US now chose 9 £ Cg°(M") with support in -6(0, 2) and equal to 1 on B{0, 1), and 
define Wi{T,x) = W{x)e{x/T), W2{T,x) = W{x) - Wi{T,x) and F^^{T) with the same 
expression as Fh{T) with W replaced by Wj (j = 1,2). As W decays like Vi (see (13. ip ). 
there exists c ^ such that for all T ^ and h g]0, /it] we have ||-F2''(^)|| ^ cT^"''- To 
estimate we compute, for ||/||i2(]8n) = ||5|lL2(iRn) = 1: 



(x)"^ uHt)^l^iH^)QhiT) {x)-' f {xr Wi{t, x 



2s - 



{xr'U^iT-tMH^)Qh{T) {x)-'g 



dt 



{x)-'^P{H^)UHt)Qf,{T) {xr^f 

T .. 

Th\TTh 



dt 







(x)-XFf)C/f(r-i)Qh(T) {x)-'g 



dt 



where c is independant of T ^ and h g]0, /it]- Finally we have: 

11F,,(T)|| ^cT^-^ 



(4.9) 



with 6 = min(l + p — 2s, p) > and c ^ independant of T ^ and h g]0, /it]- 

Let {z, C) G f2fe(-E') (if ^b{E) is empty then there is nothing to prove) and T ^ 0. Let 

Whiz,C) = exp (ih-^iC.x- z.D)) (see |Wan85[ § 3.1]) and: 



Gh{T) = Wh{z,0*{h-^x) 'Rh{T)x{Pi')Vh{T)Rh{T){h-2x) 'Vh{-T)Wh{zX) 

where = -hA + Vi{h^x), Vh{T) = exp (-f P/^) and Rh{T) = qi{T)'"{h'2x,hH). 
These three operators are conjugate to H^, Uh{T) and Qh{T) by the unitary trans- 
formation / I— > ( X I— > h^f{h2x)j, so for T ^ and h g]0, /it] we have by (14.81) and 



{h^x) 'Rh{T)x{P'^)Vh{T)Rh{T){h\x 
{x)-' Qh{T)xiH'^)UHT)Qh{T) {x)- 



where c does not depend on T and h s]0, /it]- On the other hand, using |Wan85l lemma 
3.1] and |Wan86[ theorem 4.2] we have: 

G{T) = {h^x + zy'qi{TY{h^x + z,h^D + Q{xo pT{h^x + z, h^^D + Q 

xWh{zXrVh{T)qi{Tr{h^xMD){h^xy'Vh{-T)Wh{z,0 + O Qi) 

h-,0 

{z)-' gi(r, z, Oxipiz, C))qi{T, f{z, ()) (x(T, z, C))"^ 



This proves: 



{z)-' QiiT, z, c)gi(r, </>^(z, 0) (x(r, z, or' ^ cT- 



where c does not depend on T, but x{T,zX) stays in a bounded subset of M", so we 
must have: 

qi{T,zX)qi{T,<P^{z,C)) ~ ^0 

i — »+oo 

which, by definition of qi, cannot be true unless the classical trajectory starting from 
(z,C) goes through O (see (g^])). □ 
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5. Uniform resolvent estimates in Besov spaces 



In order to obtain in Besov spaces the resolvent estimates we proved in weighted spaces, 
we need another resolvent estimate (see proposition I5.2p . We begin with a lemma which 
turns properties on Gz^hi^) = {Hh — i^Ph^hPh — z)~^ (see section 2) into properties on 



Lemma 5.1. With assumptions and notations of theorem \2.3l for all h,e G]0, 1] and 
z G Cj^+ the operator {Hh — ^e©^ — z) has a bounded inverse (denoted by ^(e) ) which 
satisfies the following estimates: 



G 



GUe) {At 



,-1 



+ 



,hm + 



P^oGlh{e] 



-1 



HSG^hie) {Ah 

VhGlhie) 
VhGlh{e) {Ah)-' 



ahS 
c 

ah^/e 
c 



^ c 



(5.1) 
(5.2) 
(5.3) 
(5.4) 



where c is independant of e, h g]0, 1] and z £ for some closed subinterval I of J . 

Proof. We keep all the notations of the proof of theorem 12.31 in particular Ph = (j){HQ), 
Pi = l- Ph, Gz,h{^) = {Hh - iePhelPh)-\. . . Applying proposition with B = 
.Ja^^Ph and Q = Ph gives: 



\PhGz,h{e)Ph\\ ^ 



ahE 



Calculations (|2.15p - (l2.16p with Qh{E) replaced by Ph and show: 



\\P'hGz,h{e)Ph\\ ^ 
We also have \\PhGz,h{e)P'h\\ ^ 



ah^e 
and hence: 

h. 



\P'hGz^h{e)P'h\\^c 



\Gz^h{e)\\+ H[^Gz,h{e) 



Uhe 



Now three applications of proposition 12.21 with B = \fVh give: 



VhGz^h{e) {Ay, 



+ 



^ c, 



V^G,,/,(e) 



^/ah^/e 



(5.5) 



(5.6) 



(5.7) 



'VhGz,h{e)Pi 

Then, as in |JMP84| . we prove that: 

G'z^hie) = Gz,h{e) + ieGz,h{e)P'h{'^ - ieQX PhGz,h{e)P'h)-'@l PhG^^^) 

is well-defined for e small enough and is a bounded inverse of {Hh — ieQ]^Ph) which 
satisfies estimates (|5.5p - (|5.7p as Gz^h{^)- Then it remains to define: 

Glhie) = G',,hie) + ieG;,(e)er(l - iePiG',^hie)e}:)-'PLG'z,hie) 
for e small enough and check the conclusions of the lemma. □ 

Proposition 5.2. Let s > 1 and I a closed subinterval of J. Then there exists c ^ 
such that for all z G C/^+ and h g]0, 1].- 



\\l^_{Ah){Hh-z)-\Ahr'\\<.— 

ah 

Proof. We follow the proof of theorem 2.3 in |JMP84j . Let 

Fz,h{^) = l^_{Ah)&-x.v{eAh)G\h{^) {AhY 



(5. 
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By (15. 2p we already know that: 



ahWe 



Then we compute in the sense of quadratic forms on Vh n Va- 
d 



de 



+ ilR_ {Ah)e'^'^Gl^X^){CvVh + i[Hh,Ah])Glh{e) (A) 
= ln_{Ah)e'^'^Glh{^)Ah {Ah)-' 

+ iGv 1r_ {Ah)e'^'^ G\h ie)VhG\y, (e) {Ah)'' 
- ie\^Mh)e'^^G\Hke)\Ql.A\G\h{e) {A^Y' 
We use complex interpolation to estimate the first term: 



^ \\\^Mh)e'^'^G\de) {A 



XAn)e^^-G\Ae 



For the second term we write: 

\\x-{A^)e'^-G\Ae)VKG\Ae){Ahr%^ G\Ae)^K aA^G^ (e) (A)" 



and finally, by assumption (d) and (I5.1I1 - (I5.2I) : 

r. 

This gives: 

which, together with (|5.9p . gives the result. 



ahFz,h{e) 



+ e 2 



(5.9) 



□ 



Let 9.Q =] - 1, 1[ and 17^ = {A G M : 2^-^ ^ |A| < 2^} for j G N*. For a selfadjoint 
operator F on TC and s ^ 0, the abstract Besov space Bs{F) is defined by: 



S,(F) = {nG?^:||n||5^(^)<cx)] 



where: 



u 



jm 



The norm of its dual space B*{F) with respect to the scalar product on Ti is: 



1^, =sup2-^'^||ln,,(F)t 



When F is the multiplication by x on L^(R") we recover the usual Besov spaces Bs and 
-B* and the norm we have just defined for i3* is equivalent to the usual one: 



sup i? * / ^(a:^)!^ dx 
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Theorem 5.3. Let {H^) be an abstract family of dissipative operators as in section 2, 
(Ah) a conjugate family for {Hh) on J with bounds {ah) as in definition \2.1\ and s ^ ^. 
Then for all closed subinterval I of J there exists c ^ such that for any z G C[^h and 
h g]0, 1] we have: 

\\{Hh- z) iB4A;,HB-(Aft) ^ — 

Now that we have theorem 12.31 and proposition 15.21 we can follow word by word 
the proof of the analog theorem for selfadjoint operators (see theorem 2.2 in |Wan07| ). 
Applied to our dissipative Schrodinger = —h?IS. + Vi(x) — iu{h)V2{x), this gives: 

Theorem 5.4. Let E > and s ^ ^. If all bounded trajectories of energy E meet O, 
then there exists e, /iq > and c ^ such that with J = [E — e, E + e\ we have for all 
z G Cj^+ and h g]0, Iiq]: 



c 



(we recall that D{h) = min(l, u{h)/h)). 

Proof. We already have a conjugate family {u{h)Fh) for [ILh)- So we only have to apply 



the abstract theorem 15.31 (|3.10|1 . and the estimate: 

(5-10) 

with a similar estimate for dual spaces. To prove (I5.10p . we use the idea given in [Hor84l 
14.1]. For any u G Bs{F) and fc G N, since the 1^^. {F)u for j G N are pairwise orthogonal 
we have: 

O^jsSfc j>k 
\j^k / \j<ik ) \j>k ) \j>k 

and hence, for if G Bs, using the fact that the operator (F/^)^* (if/^ — i)^^ {x)~'^^ is 
bounded in £(L^(M"')) uniformly in h we have: 

fceN 

^ c, ^ 2^- \\{Hh - i)-Hn,{x)ip\\ +CsY, 2~'' || (^)'' ^n,{x)^ 
fceN keN 



fcGN I 



fcGN km 

^{x 
fceN 

□ 

Appendix A. Unitary dilations and dissipative Schrodinger operators 

In order to use the selfadjoint theory to study dissipative operators, we have mostly 
used the assumption that H is a perturbation of its selfadjoint part Hi. However, by 
the theory of unitary dilations, there are other selfadjoint operators we can use: 
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Definition A.l. Let T be a bounded operator of the Hilbert space Ti. A bounded 
operator ?7 on a Hilbert space K, is said to be a dilation oi T \i TL <Z K, and for all 
ip,tp G 7i and n S N we have: 

The theory of unitary dilations for a contraction is developped in the book of B.S.- 
Nagy and C. Foias ( [NF67| ). In particular, we know that every contraction has a unitary 
dilation. This also holds for semigroups of contractions: if (T{t))t^o is a semigroup of 
contractions on TC, there exists a unitary group (C/(t))tg]K on IC D TC such that U{t) is 
a dilation of T{t) for all t ^ 0. Then, if i/ is a dissipative operator on Ti., there is a 
unitary group of dilations {U{t)) on /C D for the semigroup (e^**^) generated by H. 
The unitary group {U{t)) is generated by a selfadjoint operator K on /C, the properties 
of which we can use to study the dissipative operator H. Note that K is usually said to 
be a selfadjoint dilation of H but is not a dilation of H in the sense of definition lA.ll 

Much is said on the abstract theory in |NF67| . but there is an explicit study of the 
dissipative Schrodinger operator case in |Pav77j . In particular an exemple of dilation is 
given. Here we recall this example in the semiclassical setting: 

Proposition A. 2. Let — /i^A + Vi — ihV2 be a dissipative Schrodinger operator on 
L2(M") as in sectionl^ Wh = ^/2W^, VL = suppFz, = , L"^ (n)) ^^(M") e 

L^(M+, L^(ri)) and P the orthogonal projection of fC on L^(M"). Then the operator: 

with domain: 

V{Kh) = {(^_,v?o,V'+) : V± G H\n±,L^{^)) and ^+{{)) - ^^{{)) = iWh^} C JC 

(where is the Sobolev space of L'^ -functions with first derivative in L?) is a selfadjoint 
operator which satisfies: 

Vz G C+, P{Kh-z)-^,,,^^, = m-z)~' 



Vt ^ 0, Pe-TT^" 
Vt ^ 0, Pe-TT^h 



lL2(M") 

_ it 
h 



h h 



Proof. The proof of the proposition is straightforward calculations. We first have to 
check that K is symmetric, that V{K*) C 'D{K) and then that for z £ C+ we have 
(V'-,V'o,V'+) = {K - z)~^{ip^,ipo,ip+) where: 



J —oo 

V^o = {Hh-z)~\^o + Whi^-{0)) 



and an analog for {K — z) ^. To prove the last statement, we show that the generator of 

it jy- 

the semigroup 1 1— > Pe h ^ must be H using the result on the resolvent. Details 

are given in [Pav77| . □ 

Acknowledgments 

I am very grateful to Xue-Ping Wang for many helpful discussions and stimulating 
questions about the subject. 



20 



JULIEN ROYER 



References 



[AK07] 

[BCKP02] 

[BLSS03] 

[DJOl] 

[EN06] 
[EZ] 

[GGM04] 

[GM88] 

[HR83] 

[H6r84] 

[Jen85] 

[JMP84] 

[Mar02] 

[Mou81] 

[NP67] 

[Pav77] 

[PSS81] 

[Rob87] 

[RS79] 

[RT87] 

[Wan85] 

[Wan86] 

[Waii87] 

[Wan07] 

[WZ06] 



L. Aloui and M. Khenissi, Stabilization of Schrddinger equation in exterior domains., ESAIM, 
Control Optim. Gale. Var. 13 (2007), no. 3, 570-579. 

J.-D. Benamou, F. Gastella, T. Katsaounis, and B. Perthame, High frequency limit of the 
Helmholtz equations., Rev. Mat. Iberoam. 18 (2002), no. 1, 187-209. 

J.-D. Benamou, O. Lafitte, R. Sentis, and I. SoUiec, A geometrical optics-based numerical 
method for high frequency electromagnetic fields computations near fold caustics. I., J. Gom- 
put. Appl. Math. 156 (2003), no. 1, 93-125. 

J. Derezinski and V. JakSic, Spectral theory of Pauli-Fierz operators., J. Funct. Anal. 180 
(2001), no. 2, 243-327. 

K.J. Engel and R. Nagel, A short course on operator semigroups. Springer, 2006. 

L.C. Evans and M. Zworski, Lectures on semiclassical analysis, 

http : //math.berkeley . edu/~zworski/ semiclassical .pdf 

V. Georgescu, G. Gerard, and J.S. Moller, Commutators, Co-semigroups and resolvent esti- 
mates. Jour. Func. Ana. 216 (2004), 303-361. 

G. Gerard and A. Martinez, Principe d'absorption limite pour des operateurs de Schrddinger 
,e portee, G.R. Acad. Sciences 306 (1988), 121-123. 



B. Helffer and D. Robert, Calcul fonctionnel par la transformation de melin et operateurs 
admissibles. Jour. Func. Ana. 53 (1983), 246-268. 

L. Hormander, The analysis of linear partial differential operators, II, Grundlehren der math- 
ematischen Wissenschaften, vol. 257, Springer, 1984. 

A. Jensen, Propagation estimates for Schrddinger-type operators. Trans. A. M.S. 291 (1985), 
no. 1, 129-144. 

A. Jensen, E. Mourre, and P. Perry, Multiple commutator estimates and resolvent smoothness 
in quantum scattering theory, Ann. Inst. H. Poincare 41 (1984), no. 2, 207-225. 

A. Martinez, An introduction to semiclassical and microlocal analysis, Universitext, Springer, 
2002. 

E. Mourre, Absence of singular continuous spectrum for certain self-adjoint operators, Gomm. 
Math. Phys. 78 (1981), 391-408. 

S. Nagy and B. Foias, Analyse harmonique des operateurs de I'espace de Hilbert, Masson, 
1967. 

B. S. Pavlov, Selfadjoint dilation of the dissipative Schrddinger operator and its resolution in 
terms of eigenfunctions. Math. USSR Sbornik 31 (1977), no. 4, 457-478. 

P. Perry, I.M. Sigal, and B. Simon, Spectral analysis of N -body Schrddinger operators. Annals 
of Math. 114 (1981), 519-567. 

D. Robert, Autour de I'appoximation semi-classique. Progress in Mathematics, Birkhauser, 
1987. 

M. Reed and B. Simon, Method of modern mathematical physics, vol. IV, Analysis of Oper- 
ator, Academic Press, 1979. 

D. Robert and H. Tamura, Semi- classical estimates for resolvents and asymptotics for total 
scattering cross-sections, Annales de IT.H.P., section A 46 (1987), no. 4, 415-442. 
X.P. Wang, Etude semi-classique d'observables quantiques, Annales de la faculte des sciences 
de Toulouse 7 (1985), no. 2, 101-135. 

, Approximation semi-classique de I'equation de Heisenberg, Gomm. Math. Phys. 104 

(1986), 77-86. 

, Time-decay of scattering solutions and classical trajectories, Annales de I'l.H.P., 

section A 47 (1987), no. 1, 25-37. 

, Microlocal estimates of the stationnary Schrddinger equation in semi- classical limit, 

Seminaires et Gongres, SMF 15 (2007), 265-308. 

X.P. Wang and P. Zhang, High-frequency limit of the Helmholtz equation with variable re- 
fraction index. Jour, of Func. Ana. 230 (2006), 116-168. 



Laboratoire de mathematiques Jean Leray, 
44322 Nantes Cedex 3, France 

E-mail address: julien.royer@univ-nantes.fr 



UMR CNRS 6629, Universite de Nantes, 



